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An i n v i s c i d  d i s c r e t e  v o r t e x  model, with newly de r ived  

expres s ions  f o r  t he  t a n g e n t i a l  v e l o c i t y  imposed at  t h e  s e p a r a t i o n  

p o i n t s ,  i s  used t o  i n v e s t i g a t e  t h e  symmetric and asymmetric v o r t e x  

s e p a r a t i o n  on cones and tangent  ogives. The c i r c u m f e r e n t i a l  

l o c a t i o n s  of s e p a r a t i o n  a r e  taken  from exper imenta l  da ta .  Based on 

a s l e n d e r  body theo ry ,  t h e  r e s u l t i n g  simultaneous non l inea r  

a l g e b r a i c  equa t ions  i n  a cross-flow p lane  are so lved  wi th  Broyden's 

modified Newton-Raphson method. To ta l  f o r c e  c o e f f i c i e n t s  are 

obta ined  through momentum p r i n c i p l e  wi th  new expres s ions  f o r  

nonconica l  flow. It is shown through t h e  method of f u n c t i o n  

d e f l a t i o n  t h a t  m u l t i p l e  s o l u t i o n s  e x i s t  a t  l a r g e  enough ang le s  of 

a t t a c k ,  even wi th  symmetric s e p a r a t i o n  po in t s .  These a d d i t i o n a l  

s o l u t i o n s  are asymmetric i n  vo r t ex  s e p a r a t i o n  and produce s i d e  f o r c e  

c o e f f i c i e n t s  which ag ree  w e l l  wi th  d a t a  f o r  cones and tangent  

ogives.  
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INTRODUCTION 

Recent and new f i g h t e r s  and missiles a r e  developed t o  have 

inc reased  aerodynamic performance and high maneuverabili ty.  These 

requirements f r e q u e n t l y  involve  ope ra t ion  a t  h igh  ang le s  of a t t a c k  

and consequently body sepa ra t ed  v o r t i c e s .  Therefore ,  unders tanding  

and p r e d i c t i n g  t h e  flow c h a r a c t e r i s t i c s  near t h e  body can be 

accomplished only i f  t hese  v o r t i c e s  are accounted fo r .  

To r e p r e s e n t  mathematically t h e  body v o r t e x  flow f i e l d ,  Bryson 

(Reference 1 )  in t roduced  two i n v i s c i d  l i n e  v o r t i c e s  i n  t h e  leeward 

s i d e  of t h e  body. He cons idered  symmetric flow p a s t  bodies  of 

r evo lu t ion .  This approach was extended by Schindel (Reference 2) t o  

bodies of e l l i p t i c  c r o s s  s e c t i o n  and of cambered l o n g i t u d i n a l  

ax i s .  By removing r e s t r i c t i o n  t o  l a t e r a l l y  symmetric flow, Dyer, 

Fiddes,  and Smith (Reference 3 )  extended t h i s  s i m p l e  model t o  d e a l  

wi th  asymuet r ic  vo r t ex  s e p a r a t i o n  on cones. I n  a l l  of t h e s e  

i n v e s t i g a t i o n s ,  a s t a g n a t i o n  cond i t ion  was imposed a t  t h e  s e p a r a t i o n  

l i n e  as the  Kut ta  condi t ion .  On t h e  o t h e r  hand, Moore (Reference 4 )  

imposed a t a n g e n t i a l  v e l o c i t y  a t  t h e  s e p a r a t i o n  l i n e  based on an 

expres s ion  der ived  by Smith (Reference 5). The e f f e c t  w a s  found t o  

be smal l  i n  symmetrical flow. 

Other methods used t o  p r e d i c t  t he  asymmetric vo r t ex  shedding 

inc lude  t h e  v o r t e x  cloud method (Reference 6)  and s o l v i n g  t h e  

complete Navier-Stokes equa t ions  (Reference 7) .  A s  desc r ibed  by 

Mendenhall e t  a l .  i n  t h e i r  paper (Reference 6) ,  i n  t h e  v o r t e x  cloud 

method a p e r t u r b a t i o n  t o  t h e  symmetric s o l u t i o n  must be imposed i n  
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orde r  t o  o b t a i n  an  asynrnetric s o l u t i o n .  I n  f a c t ,  every i n v e s t i g a t o r  

has  a d i f f e r e n t  means of i n t roduc ing  a p e r t u r b a t i o n  t o  t h e  symmetric 

so lu t ion .  The method which Mendenhall e t  a l .  used is  t o  modify the  

p red ic t ed  symmetric s e p a r a t i o n  po in t  on e i t h e r  s i d e  of t h e  body s o  

t h a t  t he  s e p a r a t i o n  p o s i t i o n  i s  not kept  symmetric. By so lv ing  the  

complete Navier-Stokes equa t ions  a t  h igh  a, t h e  asynmetric v o r t e x  

shedding was found on a cone c y l i n d e r  (Reference 7 ) .  However, the  

asymmetry i n  t h e  flow f i e l d  w a s  in t roduced  through asymmetric 

numerical  t r u n c a t i o n  e r r o r s  wi th  the  computed s i d e  f o r c e  being too  

small. 

I n  the  p re sen t  s tudy ,  d i f f e r e n t  d i s c r e t e  vo r t ex  models w i l l  be 

s t u d i e d  i n  the  cross-flow plane.  New expres s ions  €o r  t h e  t a n g e n t i a l  

v e l o c i t y  a t  t he  s e p a r a t i o n  l i n e  w i l l  be inc luded  i n  t h e  models t o  

i n v e s t i g a t e  the  v o r t e x  f low e f f e c t  on cones and tangent  og ives  i n  

both symmetric and asymmetric flows. The r e s u l t i n g  non l inea r  

a l g e b r a i c  equat ions  are so lved  f o r  rnul t iple  s o l u t i o n s  ( i .e .  bo th  

symmetric and asymmetric ones)  based on a f u n c t i o n  d e f l a t i o n  

concept . 

MATHEMATICAL MODEL 

Slender-body theory  i s  assumed app l i cab le .  This  l e a d s  t o  t h e  

u s u a l  r e p r e s e n t a t i o n  of the  f low i n  terms of a streamwise 

d i s tu rbance  v e l o c i t y  which depends only on t h e  streamwise 

coord ina te ,  and a quasi-two-dimensional c r o s s  flow which is 

independent of t h e  Mach number. For cones,  t h e  flow i s  assumed t o  
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be c o n i c a l ,  so t h a t  t he  s e p a r a t i o n  l i n e s  are s t r a i g h t  l i n e s ,  OS1 and 

OS2 ( s e e  F igure  1).  

ogive i s  d iv ided  i n t o  s e v e r a l  s t a t i o n s .  Between two s t a t i o n s ,  flow 

p r o p e r t i e s  are assumed t o  vary l i n e a r l y  ( i . e .  ar/ax = Ar/G = 

( r i  - ri-l i-1 

are s p e c i f i e d  by t h e i r  angular  coord ina te s ,  

To r ep resen t  t h e  nonconical flow, a t angen t  

>/A;, aa/ax = (ai  - a ) / A X ,  e t c . ) .  The s e p a r a t i o n  l i n e s  

and 82, measured from 

the  s t a r b o a r d  gene ra to r .  The s i g n  convention i s  t h a t  a p o s i t i v e  

va lue  of r r e p r e s e n t s  a c i r c u l a t i o n  which i s  counterclockwise when 

viewed from downstream. With s p e c i f i e d  s e p a r a t i o n  l i n e s ,  t h e  

problem the re f  o r e  involves  s i x  unknown q u a n t i t i e s ,  which i n c l u d e  t h e  

s t r e n g t h s  and coord ina te s  of two d i s c r e t e  v o r t i c e s .  These are 

determined by s i x  equa t ions  obta ined  from the  fo l lowing  cond i t ions :  

( i )  An analogue of t h e  Kutta cond i t ion ,  namely t h a t  t h e  

v e l o c i t y  v e c t o r s  on t h e  s u r f a c e  of t he  body a t  S1 and S 2  

should be d i r e c t e d  a long  t h e  s e p a r a t i o n  l i n e s ,  OS1 and 

OS2. 

In the past investigations, either a stagnation 

c o n d i t i o n  (Reference 3) o r  a t a n g e n t i a l  v e l o c i t y  

(Reference 4 )  w a s  imposed a t  t h e  s e p a r a t i o n  poin t .  S ince  

t h e  l a t t e r  d i d  not provide  s i g n i f i c a n t  improvement t o  t h e  

s o l u t i o n ,  a new v e l o c i t y  c o n d i t i o n  i s  needed. 

I n  t h e  vo r t ex  cloud nethod (Reference 6 )  t h e  

r e l a t i o n s h i p  between t h e  vo r t ex  s t r e n g t h  and v e l o c i t y  a t  

t he  boundary l a y e r  edge, Ue,  i s  used, which i s  
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U2 e ar/at = K - 2 

where X i s  an empi r i ca l  f a c t o r  used t o  reduce the  s t r e n g t h  

of t he  shedding v o r t i c i t y .  I n  a subsonic  flow, K = 0 . 6 ,  a 

t y p i c a l  va lue  suggested by most i n v e s t i g a t o r s .  I f  ha l f  

va lue  of U i s  taken  as t h e  average t a n g e n t i a l  v e l o c i t y  a t  e 

t h e  s e p a r a t i o n  p o i n t ,  

(Reference 51, then  

For a cone wi th  ar/ax 

becomes 

n 

as assumed i n  Smith's  model 

= r/x, t h e  t a n g e n t i a l  v e l o c i t y  

n 

where y is  the  nondimensionalized vo r t ex  s t r e n g t h ,  and 

For a tangent  og ive ,  i t  is  assumed t h a t  

ar/ax = A r / A x ,  and t h e r e f o r e  

where i means the  p re sen t  s t a t i o n  and i-1 means t h e  
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previous  s t a t i o n .  

However, exper imenta l  d a t a  (Reference 8 )  show t h a t  

t h e  v o r t e x  convection speed i n  a shea r  l a y e r  i s  

approximately 

v = fU t m  e ( 5 )  

where f = 0.61, i n s t e a d  of 0.5 used i n  Equation (2) .  Then 

f o r  a cone 

and f o r  a tangent  ogive 

- 2fUa -- 
Vtm AT 

S i x  models 

- ~ ~~~~ 

Jr(aiyi  - a i - l~ i - l ) /Axa  (7a) 

based on d i f f e r e n t  f and K va lues  are 

i n v e s t i g a t e d  f o r  cones i n  t h i s  r epor t .  They are  

1. 

2. 

3. 

4. 

5. 

Stagna t ion  s e p a r a t i o n  model (Vtm = 0) 

Model 1, Smith's  s e p a r a t i o n  rnodel (Vtm = U a m  ) 

Model 2,  f = 0.61 and K = 1.0 (Vtm = 1.220 U a q  ) 

Model 3,  f = 0.61 and K = 0.6 (V = 1.575 U a w  ) 

Model 4 ,  f = 1.00 and K = 1.0 (V = 2.000 U a m  ) 

tm 

t m  

6. Model 5, f = 1.00 and K = 0.6 (V = 2.582 U a m  
t m  

A f t e r  t e s t i n g ,  a bes t  model w i th  f and K va lues  

w r i t t e n  as f b  and Kb w i l l  be chosen t o  i n v e s t i g a t e  t h e  

asymmetric vo r t ex  s e p a r a t i o n  on cones and v o r t e x  flow 

s e p a r a t i o n  on tangent  ogives. Based on f b  and kb v a l u e s ,  

Vtm f o r  tangent  ogives becomes 

5 



( i i )  A cond i t ion  based on t h e  f a c t  t h a t  t he  f l u i d  should 

s u s t a i n  no fo rce .  

I n  r e a l i t y ,  when the  flow is  sepa ra t ed  from a body, 

t h e r e  w i l l  be a v o r t e x  s h e e t  wi th  small s t r e n g t h  shedding 

from t h e  body and f i n a l l y  r o l l i n g  up i n t o  a concent ra ted  

vortex.  To s i m p l i f y  t h e  phys ica l  problem, only t h e  

concen t r a t ed  vo r t ex  is used here ;  and a cut  which connects 

t h e  vo r t ex  co re  t o  t h e  s e p a r a t i o n  poin t  i s  in t roduced  t o  

r e p r e s e n t  t he  sheet. It i s  r equ i r ed  tha t  t h e  f o r c e  on t h e  

cu t  must be balanced by f o r c e  on the  v o r t e x ,  as desc r ibed  

i n  Bryson's paper (Keference 1) .  I n  t h e  vo r t ex  shee t  

model (Reference 9)  u s u a l l y  a cu t  is in t roduced  t o  connect 

t h e  end of t h e  s h e e t  t o  t h e  vo r t ex  core. The cu t  is much 

l a r g e r  i n  t h e  p re sen t  model than  t h a t  i n  t h e  v o r t e x  s h e e t  

model. Although t h e  f o r c e  on t h e  c u t  has always been 

inc luded  i n  t h e  model i n  t h e  p a s t ,  a numerical  

exper imenta t ion  w i l l  be conducted i n  the  p re sen t  s tudy  t o  

determine i t s  e f f e c t  on t h e  s o l u t i o n .  

Following the  usua l  development of the  slender-body theory ,  t he  

cross-flow v e l o c i t y  p o t e n t i a l ,  4, i s  cons t ruc t ed  as a s o l u t i o n  of 

t h e  two-dimensional form of Laplace ' s  equa t ion  i n  t h e  p lane  of 

t r a n s v e r s e  coodina tes  y and z ( see  F igure  1) .  In a c o n i c a l  f low, 

a l l  such planes a r e  equ iva len t .  The v e l o c i t y  components are the  
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same a t  p o i n t s  whose y and z coord ina te s  are sca l ed  by x, and the  

vo r t ex  c i r c u l a t i o n s  a r e  p ropor t iona l  t o  f. 

The boundary cond i t ions  f o r  the  f a r  f i e l d  and on the  body are 

- - 
l o c a l  f o r  I z I  = ~~~~~~x = a 'n = U610cal 

where U i s  t h e  f ree-s t ream speed, n i s  the  outward normal t o  the  

c ros s  s e c t i o n  of t he  body a t  a cons tan t  x ,  Glocal  i s  t h e  angle  of 

l o c a l  s lope ,  and alocal i s  t h e  r a d i u s  of t h i s  s ec t ion .  

- 

The complex p o t e n t i a l  may be w r i t t e n  as 

z - z2 
Rn r2 z - z1 

- -  Rn W = iUa(Z - -) + U a  y RnZ + - da 2 a - 
Z dx 2ai z - (a2/? , )  2ai z - (a%,) 

(10) 

where t h e  f i r s t  term comes from the  cross-flow stream i n  t h e  

presence of a c i r c u l a r  body. The second term r e p r e s e n t s  t h e  area 

expansion i n  t h e  x d i r e c t i o n .  The t h i r d  and f o u r t h  terms are due t o  

the  v o r t i c e s  o u t s i d e  t h e  body and t h e i r  images i n s i d e  the  body. 

Using the  nondimensional v a r i a b l e s  = z/a,  y = r/2aaaU, t h e  

Kut ta  cond i t ion  and the  fo rce - f r ee  cond i t ion  can be w r i t t e n  as 

Kutta  Condit ion - 
51 5, - 1 + 1 1  

Vtm = ~ ~ U C O S ~ ,  - aUyl -i e 1 -  i e ,  
( e  - c l ) ( e  - 51) 

+ 1 1  -V = 2aUcose2 - aUyl t n  i e2 - i e2  - 
( e  - c l ) ( e  - e , )  
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Force-Free Condition 

-i(l + 1 
T )  
52 

1 + - -  iY2 
5 z a  

- 
where y1 and y2 are evaluated at the current station i and Ax is a 

dimensional quantity. 

By separating the force-free condition into real and imaginary 

parts, the system of equations which needs to be solved consists of 

six nonlinear algebra equations of six unknowns: 

Z1(T1 = Y1 + izl), y2, and z 2 ( r 2  = y2 + iz2). 

rewritten--with yl, zl, etc., representing y1 , zl., etc.--as 

yl, y2, yl, 

The system can be 

i 1 
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Y 1  2 + z :  - 1  
- - 1  1 F2 = y, n 

y., 2 + z3 2 - 
2 (case - y2)2 + ( s i n e 2  - z,) ' 2  

2 

2cose2 - V t m / U a  = 0 

1 ai - a  i-1 '1 

2 2  
+ -  YIZ 1 

A; y1 + z1 
2 2 2  a F3 = -2 

(Y1 + z 1 )  
+ 1 Z 

+ y 1  2 2 
Y 1  + Z l  - 1 

n n 

A f  a 

+ Y l Y l  

y1 + z1 1 

- a  

A; 

2 

z1 + Y 1  - z; 1 ai i-1 F4 = -[1 + - - 
21 2 2 y: + z 2  - 1 

a 

A; a 
1 
i 

i-1 "2 - ai- a 

2 2  A i  y Q  + z, 
+ -  a 

L L 
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+ l a i - a  i-1 22 - y2 
2 2 

2 2 2  a 
- -  

2 y 2 2  y 2 + z  2 - 1  
A; y2 2 + 2  2 2 

F6 = -[1 + 
(Y, + z z )  

2 2 Yl(Yl + z1 - l)[(Y1 - Y2)(Y1Y2 + z1z2 - 1) - (zl- z2)(-y1z2 + y2z1) 
m n n + 

A; a 

For a cone, t h e s e  

2 
Y1 

L L L 
2,) I[Y1Y2 + z1z2 - 1) + (Y2Z1 - y 1 2  z 1 1 

aAxy 
li  

equa t ions  can be s i m p l i f i e d  t o  

+ z f - 1  

y; + z 2  - 1 
- 1 

2 2 
( c o d 2  - yl) + ( s i n e 2  - z l >  

F 2  = y1 

= o  

= o  

= o  

+ 6 y1 YIZ 1 

(Y1 + z1) 1 1 
2 +---+ YIZ 1 

F3 = -2 2 2 2  a y 2 + z 1  2 y ; + z  - 1  

10 



2 2  (Y, + z2 - l)[(Zl - Z2)(Y1Y2 + z1z2-1) + (Y, - y2)(-y1z2 + y2z1)1 - 
2 2 2 [(Y1 - Y2I2 + (zl - z 2 )  l[(YlY2 + z1z2 - 1) + (Y2Z1 - y z 1 1 y2 

1 2  

F4 = -[1 6 
a 
-I 

z1 
7 r - T  
y1 + 

n n 

Y? + 

[ z l  - ( s i n e 1  - z1)16/a  = 0 (24) 

[y2 + (y, - c 0 s 8 ~ ) 1 6 / a  = 0 

2 2 
Y? 

L L L L L 

2 2 (yl + z1 - l)[(Y1 - Y2)(Y,Y2 + Z1Z2 - 1) - ( z l  - z2)(-y1z2 + Y2Z1)1 
+ 2 2 2 [(yl - y2 1 + (z l  - z2)21[(YlY2 + z1z2 - 1) + (Y2Z1 - Y1Z2) Y 1  

[ z 2  - ( s i n e 2  - z2)16/a = 0 

A d e t a i l e d  d e r i v a t i o n  of t hese  

Appendices A and B. The l a s t  terrns 

(26)  are the  e f f e c t  of t h e  f o r c e  on 

equat ions  i s  presented  i n  

i n  Equations (17)-(20) and (23)- 

t he  vor tex  cut.  These terms are 

e l imina ted  i f  t he  f o r c e  on the  c u t  i s  not included i n  t h e  model. 
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During the  s o l u t i o n  p rocess ,  F1 through F6 may not be zero. As an 

i n d i c a t o r  of convergence, a norm based on F1 through F6 i s  d e f i n e d  

as 

Norm = (F12 + F22 + F32 + F42 + F52 + F6 2 ) 112 

Var iab le s  yl, y2, y l ,  zl, y2 and z 

s o l u t i o n s  when the  norm i s  less than o r  equa l  t o  

are regarded as a s e t  of 2 

It is  necessary  t o  supplement t h e  Kutta cond i t ion  as s p e c i f i e d  

i n  ( i )  above, w i th  t h e  cond i t ion  t h a t  t he  flow leaves  the  s u r f a c e  a t  

t he  s e p a r a t i o n  l i n e .  This i s  because the  cond i t ion  t h a t  t h e  

ve loc i ty  vector l i e s  along a c o n i c a l  ray i s  s a t i s f i e d  a t  an 

attachment l i n e  as w e l l  as a t  a s e p a r a t i o n  l i n e .  The d i f f e r e n c e  

between the  two i s  t h a t  t h e  flow l eaves  the  s u r f a c e  a t  a s e p a r a t i o n  

l i n e  and approaches i t  a t  an attachment l i n e .  To confirm t h e  

s o l u t i o n ,  t h e  na tu re  of t h e  flow near t he  s e p a r a t i o n  l i n e  is 

checked. When t h e  flow is s e p a r a t e d ,  i t  would l eave  t h e  s u r f a c e  t o  

downstrean s ide .  Therefore  t h e  d e r i v a t i v e  of t a n g e n t i a l  v e l o c i t y  

wi th  r e s p e c t  t o  t h e  angu la r  p o s i t i o n  8, dVt/dB , should be less than  

z e r o  a t  a c o r r e c t  s e p a r a t i o n  poin t .  I f  t h e  d e r i v a t i v e  is g r e a t e r  

than  ze ro ,  t h e  flow is  regarded as approaching t h e  body s u r f a c e  

r a t h e r  than  l eav ing  it. Therefore ,  t h e  s p e c i f i e d  s e p a r a t i o n  l i n e  i s  

a reattachment l i n e ,  not a s e p a r a t i o n  l i n e .  The expres s ion  of t h e  

d e r i v a t i v e  i s  shown i n  Appendix C. 

Afte r  s o l u t i o n s  have been found, t h e  l o c a l  s e c t i o n a l  

c o e f f i c i e n t s  of normal f o r c e  and s i d e  f o r c e  are c a l c u l a t e d  by 

i n t e g r a t i n g  t h e  l o c a l  complex v e l o c i t y  p o t e n t i a l  i n  accordance w i t h  
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t h e  momentum p r i n c i p l e  of f l u i d  mechanics ( s e e  Appendix D). The 

t o t a l  f o r c e  c o e f f i c i e n t s  can be obtained by i n t e g r a t i n g  t h e  

s e c t i o n a l  c o e f f i c i e n t s  over i n t e r v a l s  of l o n g i t u d i n a l  s t a t i o n s .  The 

r e s u l t s  are 

I I 

2 n 2aai 1 

+ z  
2 

+ Z  
2 ‘N = 1 7 t 2 Y  y ( l  - 

i 

li li 
B i=l a 

2 

) 
1 

+ z  

a i-1 - 
2 ( 1 -  2Y2 Y2 2 

i-1 2i-1 y2 i-1 i-1 ai 

+ 

2 
i-1 

a i 

a 
+ 1  --I 2 

2 n 2aai 
> +  2 ) + 2 y  2 ( 1 -  

2 zi zi c = 1 2 {-2y z (1  - 
li li 

i Y 1  + z  y2 + z2 l i  i 
B i=l a 

i 

2 
i-1 

i 

a 
2Yl Z l  7 (1  - 

i - 1  i - 1  a 

2 
i-1 

i 

a 
(1  - - 

2Y2 z 2 i-1 2i-1 a 

CL = C c o s a  N 

1 -  1 
2 + z  

i-1 li-1 Y 1  

) I  1 

+ z 2  
i-1 2i-1 y2 

where aB i s  t h e  r a d i u s  of t h e  base area. 

f o r  f o r c e  c o e f f i c i e n t s  can be s i m p l i f i e d  t o  

For a cone, t h e  e q u a t i o n s  
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c = 2a{-2y 1 1  z ( 1  - 2 2 ) + 2Y2Z2(1 - 2 2 11 
y2 + z1 y2 + z2 

Y 

CL = C N C O S U  ( 3 3  1 

A numerical scheme based on Broyden's concept (Reference 11) i s  

used t o  so lve  the  system of non l inea r  a l g e b r a i c  equat ions .  The 

advantages of t h i s  scheme are i )  u n l i k e  i n  Newton's method, t h e  

g r a d i e n t  mat r ix  is c a l c u l a t e d  by an approximate but inexpens ive  

method; f o r  a complicated system of equa t ions ,  t h e  computing t i m e  i s  

s i g n i f i c a n t l y  reduced; and i i )  us ing  an opt imizer  desc r ibed  by 

Broyden, even poor i n i t i a l  guess does not seem t o  a f f e c t  t h e  f i n a l  

convergence of t he  method because t h e  op t imize r  tends  t o  p u l l  t h e  

va lues  c l o s e  t o  t h e  s o l u t i o n .  Therefore ,  t h e  c a l c u l a t i o n  can be 

r e s t a r t e d  f r o n  where the  program s t o p s  without convergence. 

I n  f i n d i n g  t h e  asymmetric s o l u t i o n ,  a f u n c t i o n  d e f l a t i o n  

technique  is  used. The concept of f u n c t i o n  d e f l a t i o n  i s  descr ibed  

as fo l lows  ( s e e  Reference 12 f o r  d e t a i l s ) .  L e t  F(X) be t h e  

non l inea r  s y s t e u  of equa t ions  t o  be so lved ,  F r e p r e s e n t i n g  F1, F2, 

F 3 ,  F4, F5, and F6 i n  t h e  p re sen t  ca se  and X r e p r e s e n t i n g  v a r i a b l e s  

R1' 'R2' yl, y2, y l ,  z l ,  y2 ,  and z 2' Assuming R r e p r e s e n t i n g  y 

and zK i s  one root  of F(X), i.e. F(K) = 0. Div id ing  
'R1' 'R1' yR2 '  2 
t h e  o r i g i n a l  equa t ion  F(X) by I I X  - KI I ,  t h e  e f f e c t  of roo t  R is 

e l imina ted  s o  t h a t  a d d i t i o n a l  r o o t s  can be found. 

RI I r e p r e s e n t s  t he  norm of X - R. 

Note t h a t  I IX  - 
It is def ined  as 

2 I Ix - RI I = [Y1 - Y l 2  + (Y, - Y 1 + (y, - YR1l2  + 
R1 R2 
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Mathematically when X approaches the  f i r s t  roo t  R1, F(X)/ 1 I X - R1 I I 
becomes t h e  d e r i v a t i v e  of F(R1) which does not vanish  u n l e s s  R1 

happens t o  be a mul t ip l e  root.  The mathematical expres s ion  i s  as 

fo l lows  : 

Experience shows t h a t  us ing  the  aforementioned concept of 

f u n c t i o n  d e f l a t i o n ,  convergence t o  p rev ious ly  obta ined  r o o t s  can 

always be avoided. 

RESULTS AND DISCUSSIONS 

To i n v e s t i g a t e  t h e  flow on a cone, t h e  s e p a r a t i o n  l i n e  must 

f i r s t  be s p e c i f i e d .  Since one of t h e  w i n  purposes i n  the  p r e s e n t  

s tudy  is  t o  show t h a t  t he  asymmetric vo r t ex  s e p a r a t i o n  i s  par t  of 

the m l t i p l e  s o l u t i o n s  i n  t h e  boundary va lue  problem, t h e  symmetric 

s e p a r a t i o n  l i n e s  w i l l  be based on an empi r i ca l  equa t ion  (Reference 

13) f o r  p r e d i c t i n g  s e p a r a t i o n  angle  i n  a l a n i n a r  flow, a s  

e = [73 - (51.4a - 4 5 1 J ) ~ / ~ 1 [ 0 . 7 6  + 0.02461 (37)  

Equation (37) has been shown t o  work very w e l l  i n  t he  range of 

10" < a < 30" 

f o r  semi cone ang le s  of 

15 



5" < 6 < 20" 

For tangent  og ives ,  t he  fo l lowing  equat ions  given i n  Reference 

14 a r e  used t o  p r e d i c t  t he  s e p a r a t i o n  p o s i t i o n .  That i s  

10" < a < 40" 

e = (13.12 + 6)(3.13 - 40 .116a - 1.16) f o r  { (38  1 
0" < 6 < 15" 

0" < a < 10" 

f o r  { ( 3 9 )  
0" < 6 < 1s" 

As expla ined  by Schindel  (Reference 131, t h e  equa t ion  of 

p r e d i c t e d  s e p a r a t i o n  c o n d i t i o n  i s  taken  from Crabbe's theory  which 

ag rees  with exper imenta l  d a t a  only i n  some ranges of ang le  of a t t a c k  

and cone angles.  

I n  a d d i t i o n ,  t o  s tudy  t h e  sepa ra t ed  flow on tangent  og ives ,  an 

a d d i t i o n a l  in format ion  is  needed; t h a t  i s ,  t h e  a x i a l  s t a t i o n s  

downstream of which symmetric and asymmetric vo r t ex  s e p a r a t i o n  w i l l  

occur. Numerical exper ience  i n d i c a t e d  t h a t  a t  a small a, such as 

t h r e e  deg rees ,  t h e  flow f i e l d  can be assumed t o  be a t t a c h e d  and the  

normal f o r c e  c o e f f i c i e n t  can be c a l c u l a t e d  wi th  the  s l e n d e r  body 

theory  (i.e. CN = 2a).  

deg rees ,  a sea rch  is  then  made t o  f i n d  a s t a t i o n  ( c a l l e d  x l )  a t  

which symmetric v o r t e x  flow can be c a l c u l a t e d :  i .e. ,  t he  boundary 

A t  a s l i g h t l y  h igher  a, such as f o u r  

va lue  problem has a s o l u t i o n .  For t h i s  purpose,  l e t  

i s  t h e  angle  of t h e  l o c a l  s u r f a c e  slope.  The va lue  of where ' l oca l  
- s  w i l l  be t h e  one used a t  a l l  ang le s  of a t t a c k  '1oca1 a t  1' A l o c a l '  

16 



t o  determine where symmetric vor tex  flow w i l l  begin. That i s ,  a t  

any s t a t i o n  where Alocal 

t o  e x i s t .  For a cone, 

1.2. Over the  po r t ion  of t he  body with a t t ached  flow, t h e  c l a s s i c a l  

s l ende r  body theory  i s  used t o  c a l c u l a t e  t he  normal f o r c e  

c o e f f i c i e n t .  

symmetric vo r t ex  flow i s  assumed S 
> A l o c a l ,  

was determined t o  be approximately A l o c a l  

For asymmetric vor tex  flow on a tangent  ogive,  note  t h a t  

e x p e r i n e n t a l  d a t a  i n d i c a t e d  t h a t  asymmetric flow would not s t a r t  

u n t i l  an aav = 288 (Reference 15) ,  where 

o r ,  f o r  tangent  og ives ,  

i s  the  cone ha l f  angle ,  

AN/d 

(a,/d)2 - 0.25 
8, = tan-1[ 1 

A t  a = a a sea rch  i s  made t o  f i n d  the  f i r s t  s t a t i o n  a f t e r  which av ’ 
t h e  t o t a l  s i d e  f o r c e  c o e f f i c i e n t  (C ) is near ly  zero ( a  value of 

0.06 is  assumed). 

as i s  then used t o  determine where the  asynmetr ic  vo r t ex  

flow will begin at all a > a 

Y 

The va lue  of Alocal a t  t h a t  s t a t i o n ,  de f ined  

l o c a l  ’ 
For a < a,, only synmetric vortex avo 

flow i s  assutled t o  e x i s t .  

Cones .__ 

Symmetric flow is i n v e s t i g a t e d  f i r s t ,  us ing  t h e  s i x  models 

mentioned ear l ier .  Resul t s  f o r  symmetric flow are compared wi th  

experimental  d a t a  i n  F igures  2 t o  7. 

are taken from Reference 16. I n  Figure 2 and Figure 3, a l l  f low 

The experimental  d a t a  of CL 

models are with a f o r c e  on the  vo r t ex  cut  i n  the  fo rce - f r ee  
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condi t ion .  I n  f i g u r e  2 ,  t he  vo r t ex  core  p o s i t i o n s  of a f ive-degree 

cone are presented .  It i s  seen  t h a t  f low model 4 g ives  good 

p r e d i c t i o n  of l a te ra l  core  p o s i t i o n s ,  but a l l  flow models seem t o  

underpredic t  t he  v e r t i c a l  pos i t i ons .  Vortex core  p o s i t i o n s  of a 

ten-degree cone are shown i n  Figure 3. It is  found t h a t  a l l  models 

ove rp red ic t  t he  l a t e r a l  p o s i t i o n s  and underpredic t  t h e  v e r t i c a l  

p o s i t i o n s .  This may be expla ined  by a large f o r c e  on the  vo r t ex  

cut .  I n  a d d i t i o n ,  when t h e  ang le  of a t t a c k  is  less than  20 degrees ,  

t h e  theory  does not p r e d i c t  t he  presence of v o r t i c e s  but exper i -  

mental d a t a  show otherwise.  I n  F igure  4 ,  r e s u l t s  wi thout  t h e  f o r c e  

on t h e  vo r t ex  cu t  f o r  a f ive-degree cone are presented.  Flow models 

3 and 4 are found t o  have a c c u r a t e  p r e d i c t i o n  i n  both l a t e ra l  and 

v e r t i c a l  pos i t i ons .  Resu l t s  f o r  a ten-degree cone f o r  a l l  models 

without  t h e  f o r c e  on t h e  vo r t ex  cu t  i n  t h e  fo rce - f r ee  cond i t ion  are  

shown i n  F igure  5. The p r e d i c t i o n  of vo r t ex  core  p o s i t i o n s  i s  more 

a c c u r a t e  than  models w i th  a f o r c e  on t h e  v o r t e x  cu t  i n  t h e  fo rce -  

f r e e  condi t ion .  I n  a l l  t h e s e  f i g u r e s ,  i t  i s  seen  t h a t  t h e  e f f e c t  of 

imposing a t a n g e n t i a l  v e l o c i t y  a t  s e p a r a t i o n  p o i n t s  is  t o  make co re  

p o s i t i o n s  more inboard and lower as Vtm i s  increased .  

The l i f t  c o e f f i c i e n t s  c a l c u l a t e d  by a l l  f low models 

w i th lwi thou t  a f o r c e  on the  vo r t ex  cu t  i n  the  fo rce - f r ee  cond i t ion  

are p l o t t e d  i n  F igures  6 and 7. Both f i g u r e s  show t h a t  CL i s  

reduced by i n c r e a s i n g  Vtm. 

reduce CL i n  t h e  s t a g n a t i o n  s e p a r a t i o n  model and model 1. 

i t s  e f f e c t  i s  small i n  o the r  flow models. Overa l l ,  i t  is found t h a t  

The f o r c e  on the  vo r t ex  cu t  seems t o  

However, 
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model 3 without t h e  f o r c e  on the  vo r t ex  cu t  is t h e  b e s t  f low model 

which produces r e s u l t s  having good agreeinent wi th  exper imenta l  

da ta .  Therefore ,  t h i s  model w i l l  be used t o  i n v e s t i g a t e  t h e  

asymmetric vo r t ex  s e p a r a t i o n  on cones and t h e  vo r t ex  flow on t angen t  

ogives.  

A f t e r  determining a symmetric s o l u t i o n ,  a f u n c t i o n  d e f l a t i o n  

technique  i s  used t o  s e a r c h  f o r  a d d i t i o n a l  s o l u t i o n s .  It i s  found 

t h a t  one asymmetric s o l u t i o n  a t  a given a can always be found except 

a t  low a's. Pa i rs  of symmetric and asymmetric v o r t e x  co re  p o s i t i o n s  

on an e ight -degree  cone f o r  d i f f e r e n t  inc idence  parameters A based 

on flow model 3 without a f o r c e  on t h e  vo r t ex  c u t  i n  t h e  fo rce - f r ee  

cond i t ion  are shown i n  F igure  8 .  The p red ic t ed  c o e f f i c i e n t s  of l i f t  

and s i d e  f o r c e  are compared wi th  exper imenta l  d a t a  (Keference 1 6 )  i n  

F igure  9. The p r e d i c t i o n  of s ide- force  c o e f f i c i e n t  appears  t o  be 

a c c u r a t e ,  but t h e  l i f t  c o e f f i c i e n t  i s  overpredic ted .  This may be 

expla ined  by t h e  inaccuracy  of t h e  slender-body theory. It i s  w e l l  

known tha t  the slender-body theory  will overpredic t  the  l i f t  i f  t h e  

f i n e n e s s  r a t i o  is not l a r g e  enough. Therefore ,  t h e  concept of 

e f f e c t i v e  angle  of a t t a c k  as shown f o r  d e l t a  wings (Reference 1 7 )  i s  

used t o  improve the  r e s u l t .  When the  l i f t  c o e f f i c i e n t  p r e d i c t e d  by 

t h e  slender-body theory  i s  taken  t o  be 2acosa, which i s  equated t o  

t h e  l i f t  c o e f f i c i e n t  g iven  by a three-dimensional l i n e a r  theory  f o r  

a body i n  a t t a c h e d  flow, an e f f e c t i v e  angle  of a t t a c k ,  ae, can be 

found. The r e s u l t s  p r e d i c t e d  by us ing  e f f e c t i v e  ang le s  of a t t a c k  

are shown i n  F igure  10. The l i f t  c o e f f i c i e n t  agrees  w e l l  w i t h  
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exper imenta l  d a t a ,  and the  p r e d i c t e d  s i d e  f o r c e  appears t o  be 

s l i g h t l y  lower a t  h igh  a. The e f f e c t i v e  ang le s  of a t t a c k  a t  

d i f f e r e n t  geometric a f o r  d i f f e r e n t  bodies a r e  l i s t e d  i n  Table 1. 

When the  s t a g n a t i o n  s e p a r a t i o n  model i s  used t o  p r e d i c t  t h e  

asymmetric s e p a r a t i o n ,  t h e  l e f t  vo r t ex  (wi th  h igher  v e r t i c a l  

p o s i t i o n )  has l a r g e r  c i r c u l a t i o n  than  t h e  r i g h t  one (wi th  lower 

v e r t i c a l  p o s i t i o n ) .  

s e p a r a t i o n  l i n e  i s  i n c r e a s e d ,  t h e  l e f t  vo r t ex  w i l l  have sualler 

s t r e n g t h  than t h e  r i g h t  one. Therefore ,  t h e  e f f e c t  of imposing t h e  

t a n g e n t i a l  v e l o c i t y  a t  t he  s e p a r a t i o n  p o i n t s  i n  asymmetric case  may 

be regarded as changing t h e  l a r g e r  vo r t ex  s t r e n g t h  from one s i d e  t o  

t h e  o the r .  The vo r t ex  s t r e n g t h  r a t i o  p r e d i c t e d  by t h e  s t a g n a t i o n  

s e p a r a t i o n  node1 and model 3 are shown i n  F igure  11. The swi t ch  of 

vo r t ex  s t r e n g t h  can be r e a d i l y  seen  i n  t h e  f i g u r e .  

As t he  t a n g e n t i a l  v e l o c i t y ,  Vtm, on t h e  

In Moore's pape r  (Reference 41,  a branch of s o l u t i o n  was 

regarded as p h y s i c a l l y  meaningless and was c a l l e d  a lower-branch 

s o l u t i o n .  Because the  v o r t e x  co re  p o s i t i o n  i s  lower than t h e  

s e p a r a t i o n  l i n e ,  and t h e  d e r i v a t i v e  of t a n g e n t i a l  v e l o c i t y  w i t h  

respect t o  t h e  angular  p o s i t i o n  a t  t h e  s e p a r a t i o n  l i n e  is  g r e a t e r  

than ze ro ,  the  s p e c i f i e d  Sepa ra t ion  l i n e  is a c t u a l l y  an attachment 

l i n e ,  not a s e p a r a t i o n  l i n e .  Lower-branch s o l u t i o n s  are a l s o  found 

i n  asymmetric cases .  The pairs  of lower-branch symuet r ic  and 

asymmetric vo r t ex  core  p o s i t i o n s  are p l o t t e d  i n  F igure  12, and t h e i r  

s t r e n g t h s  are compared wi th  t h e  p h y s i c a l l y  meaningful (upper-branch) 

s o l u t i o n s  i n  F igure  13. The numerical r e s u l t s  f o r  t h e  upper and 
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lower branches f o r  an e ight -degree  cone are l i s t e d  i n  Table 2 and 

Table 3. 

Tangent Ogives 

The procedures f o r  c a l c u l a t i n g  vo r t ex  flow on tangent  og ives  

are desc r ibed  as follows. The symmetric s o l u t i o n  a t  a s t a t i o n  a t  

which Alocal is  reached is f i r s t  determined. 

s e v e r a l  t r i a l s  t o  f i n d  t h a t  p a r t i c u l a r  s t a t i o n .  Symmetric s o l u t i o n s  

a t  s t a t i o n s  downstream of t h i s  p a r t i c u l a r  s t a t i o n  a r e  then  

c a l c u l a t e d .  These procedures are repea ted  f o r  a l l  ang le s  of a t t a c k .  

This s t e p  may r e q u i r e  

To c a l c u l a t e  t h e  asymmetric s o l u t i o n ,  a sea rch  is  s t a r t e d  t o  

f i n d  t h e  s t a t i o n  a t  which Alocal equa l s  Aa 

symmetric s o l u t i o n  a t  t h a t  s t a t i o n  i s  d i s t u r b e d  t o  g e t  an i n i t i a l  

guess of t h e  asymmetric s o l u t i o n .  I n  t h e  p re sen t  method, t h e  

magnitudes of y1 and y1 are reduced t o  make the  i n i t i a l  guess 

asymmetric. Through t h e  f u n c t i o n a l  d e f l a t i o n  procedure,  t h e  

asymmetric s o l u t i o n  can be found. The same idea is a p p l i e d  t o  a l l  

downstream s t a t i o n s .  

Then the  converged l o c a l '  

The converged symmetric s o l u t i o n  a t  a s t a t i o n  a t  which Alocal 

equa l s  i s  used as t h e  i n i t i a l  guess f o r  t h e  next ang le  of 

a t t a c k .  Then a l l  procedures are repea ted  u n t i l  a l l  d e s i r e d  ang le s  

of a t t a c k  are processed. When a < a,,, only symmetric s o l u t i o n  i s  

assumed t o  e x i s t .  

l o c a l  

Two t angent  og ives  wi th  f i n e n e s s  r a t i o s  of 5.0 and 3.5 are used 

f o r  c o r r e l a t i o n .  The e f f e c t  of t h e  number of i n t e g r a t i o n  s t a t i o n  i n  
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t h e  a x i a l  d i r e c t i o n  on the p red ic t ed  normal f o r c e  c o e f f i c i e n t  f o r  a 

tangent  ogive of f i n e n e s s  r a t i o  of 5.0 i s  presented  i n  Figure 14. 

A s  the  number of i n t e g r a t i o n  s t a t i o n s  i s  inc reased ,  the  l o c a t i o n  

where the  vor tex  s e p a r a t i o n  f i r s t  occurs  can be more a c c u r a t e l y  

pred ic ted .  It is  seen from Figure  14 t h a t  f o r  t he  normal fo rce  

c o e f f i c i e n t ,  the  e f f e c t  of the  number of i n t e g r a t i o n  s t a t i o n s  i s  

small. In  a d d i t i o n ,  t he  normal f o r c e  c o e f f i c i e n t  remains nea r ly  t h e  

same under the  cond i t ion  of symmetric o r  asymmetric s e p a r a t i o n  u n t i l  

a > 30 degrees .  A t  t hese  h igher  a ' s ,  t he  normal f o r c e  c o e f f i c i e n t  

i s  h igher  i n  asymmetric cases .  The s i d e  f o r c e  c o e f f i c i e n t  i s  shown 

i n  Figure 15. It is  seen t h a t  the value of C i s  inore s e n s i t i v e  t o  

an accu ra t e  p r e d i c t i o n  of where vo r t ex  s e p a r a t i o n  f i r s t  occurs  i n  

t h e  a x i a l  d i r e c t i o n .  The magnitude of C appears  t o  be we l l  

p red ic t ed  when the  number of i n t e g r a t i o n  s t a t i o n s  i s  adequate.  A t  a 

= 30 degrees ,  t he  C va lue  s ta r t s  t o  i n c r e a s e  rap id ly .  However, i t s  

magnitude i s  s t i l l  low and the  vo r t ex  p o s i t i o n s  a r e  t h e r e f o r e  q u i t e  

c l o s e  t o  those i n  the  symmetric case ,  as shown i n  F igure  16. I n  

Figures  17 and 18 the  overpredic ted  normal f o r c e  c o e f f i c i e n t  and 

s i d e  f o r c e  c o e f f i c i e n t  are improved by the  concept of e f f e c t i v e  

angle  of a t t a c k .  

Y 

Y 

Y 

For a tangent  ogive of f i n e n e s s  r a t i o  of 3.5, t h e  l i f t  

c o e f f i c i e n t  is presented  i n  Figure 19, and the  s i d e  f o r c e  

c o e f f i c i e n t s  i n  Figure 20. It is  seen t h a t  t he  l i f t  c o e f f i c i e n t  i s  

overpredic ted .  This can aga in  be improved by the  concept of 

e f f e c t i v e  angle  of a t t a c k ,  as shown i n  Figure 21 where the  l i f t  
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c o e f f i c i e n t  i s  shown t o  agree  w e l l  wi th  exper imenta l  da ta .  However, 

t he  p r e d i c t e d  s ide - fo rce  c o e f f i c i e n t s  based on e f f e c t i v e  ang le s  of 

a t t a c k  (F igu re  2 2 )  a r e  small and lower than the  exper imenta l  da ta .  

Values of e f f e c t i v e  ang le s  of a t t a c k  a t  d i f f e r e n t  geometr ic  a ' s  are 

l i s t e d  i n  Table 1. Calcu la ted  vo r t ex  p o s i t i o n s  agree  we l l  wi th  d a t a  

i n  Reference 20, as shown i n  F igure  23. 

S e n s i t i v i t y  of s i d e  f o r c e  c o e f f i c i e n t s  due t o  asymmetry of 

s e p a r a t i o n  p o i n t s  i s  i l l u s t r a t e d  i n  F igures  24 and 25. I n  t h e  

c a l c u l a t i o n ,  t he  l e f t  s e p a r a t i o n  poin t  is kept  f i x e d  a t  t h e  va lue  

used i n  the  symmetric case ,  and t h e  r i g h t  s e p a r a t i o n  poin t  i s  

s h i f t e d  up ( + A e >  and down ( - A e >  from the  synmetric case  t o  o b t a i n  

t h e  asymmetry of s e p a r a t i o n  po in t s .  The s i d e  f o r c e  c o e f f i c i e n t s  f o r  

a cone, being nea r ly  ze ro ,  are seen t o  be i n s e n s i t i v e  t o  A 0  as shown 

i n  F igure  24. Since  t h e  s e p a r a t i o n  poin t  on the  l e f t  s i d e  i s  kep t  

f i x e d ,  t h e  vo r t ex  s t r e n g t h  i s  nea r ly  the  sane as i n  the  symmetric 

case. On t h e  r i g h t  s i d e ,  t h e  vo r t ex  s t r e n g t h  i s  reduced wi th  t h e  

separation point shifted up with the resulting vortex being more 

outboard. On the  o t h e r  hand, t h e  s i d e  f o r c e  c o e f f i c i e n t s  f o r  a 

t angen t  ogive with f i n e n e s s  r a t i o  5.0 are shown i n  F igure  25 t o  grow 

wi th  A 8 .  To produce an exper imenta l  s i d e  f o r c e  c o e f f i c i e n t  of 2.25,  

t h e  r i g h t  s e p a r a t i o n  po in t  must be s h i f t e d  up by about 12 degrees.  
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CONCLUSIONS 

Based on modified Bryson's vor tex  models, symmetric and 

asymmetric vor tex  s e p a r a t i o n  on cones and tangent  ogives were 

i n v e s t i g a t e d .  The modi f ica t ions  p e r t a i n  t o  a t a n g e n t i a l  v e l o c i t y  

imposed a t  the  s e p a r a t i o n  p o i n t s  and a f o r c e  on the  vor tex  cu t  i n  

the  fo rce - f r ee  condi t ion .  It was concluded t h a t  

1) Adding the  f o r c e  on the  vor tex  cu t  i n  the  fo rce - f r ee  cond i t ion  

would push the  vo r t ex  core more outboard and lower,  thus  making 

an inaccura t e  p r e d i c t i o n  a s  compared with a v a i l a b l e  data.  

Inc reas ing  the  imposed t a n g e n t i a l  v e l o c i t y  a t  the  s e p a r a t i o n  

p o i n t s  would make the  c a l c u l a t e d  vo r t ex  core more inboard and 

lower. The s t r e n g t h  of the vo r t ex  wi th  a h igher  v e r t i c a l  

p o s i t i o n  ( i . e .  t he  l e f t  one) would decrease ,  and t h a t  of the  

one on the r i g h t  with lower v e r t i c a l  p o s i t i o n  would i n c r e a s e  i n  

asymmetric cases .  

2 )  

3 )  Through a numerical  scheme based on the  concept of func t ion  

d e f l a t i o n ,  mu l t ip l e  s o l u t i o n s  t o  the  problem of vo r t ex  

s e p a r a t i o n  on cones and tangent  ogives  were shown t o  e x i s t .  

The asymmetric s o l u t i o n s  were shown t o  e x h i b i t  c h a r a c t e r i s t i c s  

which were observed i n  experiments with asymmetric v o r t e x  

sepa ra t ion .  

4 )  The p red ic t ed  s ide - fo rce  c o e f f i c i e n t s  f o r  cones and tangent  

ogives  agreed reasonably w e l l  wi th  a v a i l a b l e  da ta .  

5 )  Asymmetric s e p a r a t i o n  p o i n t s  could produce vor tex  s o l u t i o n s  

which genera ted  l a r g e  enough s i d e  f o r c e s  as measured i n  

experiments f o r  tangent  og ives ,  but not f o r  cones. 
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APPENDIX A 

FORMULATION OF gLprrA CONDITION 

The complex v e l o c i t y  p o t e n t i a l  a t  a cons t an t  f s e c t i o n  wi th  

s l o p e  change da/dG can be w r i t t e n  a s  

For a cons t an t  s lope  change i n  every s e c t i o n  (such as a 

cone),  da/df can be rep laced  by 6. Then 

Using nondimensionalized v a r i a b l e s  ( 5  and y) such t h a t  z = a 5  

and I' = 2aaaUy, then  

2aaUyla 
da ,3,+ 1 -  dW 1 - = -iUa(l  +T)  + U - 

5 df  dZ 

1 - 1 ] =  2 a a a U  y2 
2ai [z. - z 2  2 -  z - a /z2 
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- 
] +  - 1 da 1 1 

5 dx 
- i ( l  + +  +, - - i Y 1  c ,  - 1 dW - - =  

- 5T1 - 1  Ua dZ 5a 

The r igh t - s ide  s e p a r a t i o n  v e l o c i t y  i s  der ived  as fo l lows:  

1 Z=ae 

where Vtm i s  t h e  mean t a n g e n t i a l  v e l o c i t y  and I m  i s  the  imaginary 

p a r t  of a complex number. Then 

vtm = Im{-e iel -} dW 
dZ i e .  

1 Z=ae 

iel --+ da 1 iel 1 
= Im[ie (1 +-> - e 21 e - i e  

dx e a e 

- - 
I ]  U a  

i o , [  1 - 52 
i e  i e- 1 - i y 2 e  

1 - 51 
i e- 

e - c2 e c2- l 8=e1 
[ i e  
e - C 1  e r l - 1  

- 
5151 - 1 + e '1 - - -  da + i y l e  iel - -i e 

ie1-  - <,>(e cl- 1) 
a -  dx 

( e  
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L L 

vtrn =  COS^^ - y1 . 
(yl + iZl)(Y1 - i Z l )  - 1 - + - i s i n e  ) - (yl - i z  1) l  cos0 [(case 1 + i s i n e 1 )  - (yl+ i z l ) l l (  1 1 

30 



y; + 2; - 1 + 
2 2 

= {2c0se1 - y1 - 
(c0se1 - y l >  + ( s i n e 1  - zl> 

and 

Define 

y; + 2; - 1 

2 2 
XK1 E 

(c0sel -yl > + ( s i n e  1 - z l >  

y; + z; - 1 

2 2 + ( s i n e  1 - 2,) 
XK2 5 - 

( cose l  - y 2 >  

Then t h e  s e p a r a t i o n  v e l o c i t y  on the  r i g h t  s i d e  becomes 

v = Ua(2cosB1 - y1 * XK1 - y2 * X K ~ )  t m  

o r  

Ua(XK1 * y1 + XK2 * y2 -  COS^^) + Vtm = 0 

For the  s e p a r a t i o n  v e l o c i t y  on t h e  l e f t  s i d e ,  

ie2 dW 
= Im{e } 

V t m  i 8, 
L Z=ae 

There fo re ,  

y: + 2; - 1 
+ 

2 2 (cos02 - y >  + ( s ine1  - 2,) 
-v =  COS^^ - y1 -- t m  

(A7 > 
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Define 

n n 
L L 

Y1 + z1 - 1 
XK3 E I I 

n 

and 

y; + z2  2 - 1 

2 2 XK4 - 
(c0se2 - y 2 >  + ( s i n e 2  - 2,) 

The s e p a r a t i o n  v e l o c i t y  on t h e  l e f t  s i d e  becomes 

-V = U a ( 2 c 0 s 8 ~  - y1 * XK3 - y2 * XK4) t m  

+ y1 * XK3 + y  * XK4) - V = 0 2 t m  
Ua(-2cosB 

Define 

or  

F1 2 XKl * y + XK2 * y - 2cosOl + Vtm/aU (A141 

F2 I XK3 * y1 + XK4 * y2 - 2cose2 - Vtm/aU (A1 5 ) 

1 2 

I n  Rryson's model, t h e  s e p a r a t i o n  l i n e  i s  r equ i r ed  t o  be a stream 
? 

l i n e  of t h e  t h r e e  dimensional flow, s o  t h a t  Vtm, t he  mean t a n g e n t i a l  

cross-f low v e l o c i t y  component a t  t h e  s e p a r a t i o n  l i n e ,  i s  zero. However, 

by cons ide r ing  t h e  behavior of a vo r t ex  shee t  model a t  t h e  s e p a r a t i o n  

l i n e ,  Smith (Reference 9) der ived  an expres s ion  f o r  Vtm, which can be 

appl ied  whether t he  shee t  i s  p resen t  o r  not.  For a body of r e v o l u t i o n ,  

such as a c i r c u l a r  cone, wi th  the  s e p a r a t i o n  l i n e  along a meridian,  

Smith's  expres s ion  becomes 

By the  assumption of con ica l  flow, Vtm becomes 

32 



For nonconical flow, i t  is  assumed t h a t  ar/af = Ar/AG. Then 

= U a  

However, 

s e p a r a t i o n ,  a: 

( a iYi  - ai-1yi-1 ~ / A & Z ] ' / ~  

cons ide r ing  t h e  v o r t i c i t y  f l u x  ac ross  t h e  boundary l a y e r  a t  

i n  t h e  vo r t ex  cloud method (Reference 61, t h e  r e l a t i o n s h i p  

(A1 8 )  

between the  vo r t ex  s t r e n g t h  and the  v e l o c i t y  a t  t h e  boundary l a y e r  edge, 

Ue,  may be w r i t t e n  as 

where the  nons l ip  cond i t ion  i s  s a t i s f i e d  a t  rO. 

model, an empi r i ca l  f a c t o r ,  K i s  o f t e n  used t o  reduce t h e  s t r e n g t h  of t h e  

shedding v o r t i c i t y .  Various i n v e s t i g a t o r s  recommended a va lue  i n  t h e  

range of 0.6 < K < 1 . 0 ,  w i t h  0 . 6  being a typical  value i n  subsonic 

flow. It fo l lows  t h a t  

I n  t h e  vo r t ex  cloud 

.,2 
V ar e 
KT u,= ar - 

ax 
- -  
a t  

I f  Vtm i s  equated t o  one ha l f  of t he  shedding v e l o c i t y ,  then  f o r  a 

cone 

For tangent  ogives wi th  ar/ai  = A r / A G ,  
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On t h e  o t h e r  hand, exper imenta l  d a t a  (Reference 8) showed t h a t  a 

vo r t ex  i n  a shea r  l a y e r  tends  t o  be convected wi th  a speed less than  t h e  

f r e e  stream, so t h a t  

e 
vtm = fU 

where f = 0.61. I f  t h i s  s e p a r a t i o n  cond i t ion  i s  used, then  Vtm f o r  a 

cone becomes 

For a tangent  ogive,  Vtm i s  

(A25) 2f  rn 2fUa - 
fi a: fi 'tm = -  J?.- = -  J(aiYi - a i - p i - 1  )n/A&a 

S ix  models are tested f o r  a cone based on t h e s e  d i f f e r e n t  s e p a r a t i o n  

cond i t ions .  They are 

(1)  

( 2 )  

( 3 )  

(4)  

( 5 )  

( 6 )  

After t e s t i n g ,  a bes t  model w i th  the  b e s t  f and K va lues ,  f b  and Kb, 

S t agna t ion  s e p a r a t i o n  model (Vtm = 0) 

Model 1, Smith's  s e p a r a t i o n  cond i t ion  (Vtm = U r n )  

Model 2 ,  f = 0.61, and K = 1.0 (Vtm = 1.220 Uad-) 

Model 3,  f = 0.61, and K = 0.6 (Vt, = 1.575 U a d m )  

Model 4 ,  f = 1.00, and K = 1.0 (Vtm = 2.000 U a d w )  

Model 5, f = 1.00, and K = 0.6 (Vtm = 2.585 Uad-) 

i s  chosen t o  i n v e s t i g a t e  asymmetric vo r t ex  s e p a r a t i o n  on cones and v o r t e x  

flow on tangent  ogives. Based on f b  and Kb va lues ,  Vtm f o r  tangent  

ogives be comes 

2f. Ua 
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APPENDIX B 

FORMULATION OF FORCE-FREE CONDITION 

There are two par ts  of c o n t r i b u t i o n  t o  the  t o t a l  f o r c e :  

( i )  Due t o  the  i n c l i n a t i o n  of vo r t ex  l i n e  

F = - i p r  [ l i m  (z dW - - 'v 1 ) - UdZv/dx] 2 s i  z - zv z+zv V V 

( i i )  h e  t o  p o t e n t i a l  jump on cu t  

Fe = ipU(drv/dx)(Z V - Zs) (B2 1 

where Z, i s  the  vo r t ex  core p o s i t i o n  and Zs t h e  s e p a r a t i o n  po in t  

coord ina te .  

The fo rce - f r ee  cond i t ion  i s  

Fv + Fc = 0 ,  

o r  

t h a t  i s ,  

F + Fc = 0; 
V 

drv - - 1 - u --I dZ - i p u  y (zv - zs)  = 0 dW rv i p r v [  l i m  (z - - 2 s i  Z - Zv z+zv dx dx 

Therefore ,  

- 
l i m  - Z )  

V S z+zv dx 

Div id ing  both s i d e s  by U a ,  i t  is  obta ined  t h a t  
- 

v -  - d r  

arv dx 

a 1 v  dZ 

a -  dx 
) = - - + + - -  ( r ,  - r,) V 1 

2siUaa r - 5, 
r 1 dW 

U a  dZ l i m  (- - - 
z+zv 
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Since 

I +  '1 - - -  1 dW - -i(l + 7) 1 + da - 1 - 1 -  - 
5c1 - 1 5a 5 dx Ua dZ 

it fo l lows  t h a t  

-I--- dw y1 = - i ( l  + +  1 +-,=+ da 1 i y l  - 51 + 
5 dx K1 - 1 Ua dZ i 5 - C l  

and 

1 dW '2 1 1 ..- I + - -- = -i(l + 2) + 
5 

Ua dZ 1 5 - r2  

The force- f ree  c o n d i t i o n  on t h e  r i g h t  s i d e  (Zv = Z1) becomes 

and t h e  f o r c e - f r e e  c o n d i t i o n  on t h e  l e f t  s i d e  (Zv = Z2) becomes 
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L e t  

= cos8 + i s ine1 ,  5 1  = Y 1  + i Z l ’  52 = Y2 + iZ2’ <s1 1 

c = cos8 + i s ine2 .  2 s2 

Then t h e  force-f ree c o n d i t i o n  on t h e  r i g h t  side becomes 

Y 1  - i Z 1  + 1 da 1 y l - i z  1 - 1  

1 
+ - -  + i z  + i Y l  ( y l  + i z l > (  

-i[1 + 1 

(yl + i Z l )  a dx ’1 1 

(y2  + iZ2)(Y2 - i z 2 )  - 1 
iy2{(y1 + i z l  - y2 - i z , ) [ (y ,  + i z l ) ( y 2  - i z 2 )  - 11 I -  

2 2  

2 2 2  2 2  a 
= 1  

2)  + 
- i  Y1 - 21 - i2Y1Z1 1 da y1 

2 d: y: -t zl 
1 + - -  ( -i[l + 

(y l  - 2,) + 4y1z1 

Y1(Z1  + iY1) 

y1 + z1 

+ 
- 1  2 2  
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F i n a l l y ,  t h e  above equa t ion  can be sepa ra t ed  i n t o  r e a l  and imaginary 

p a r t s  t o  be 

+ 1 da Y 1  z1 
2 + y 1 - 2  

+ - -  YIZ 1 

y1 + 2: - 1 2 2 2  a - 2  -2 
(Y1 + z , )  dx Y 1  + z1  

2 2 
Y2(Y2 + z2 - l ) [ ( Z l  - Z2)(Y1Y2 + z1z2 - 1) + (Y, - y2)(-y1z2 + Y2Z1)1 

+ 2 2 2 
[ (y ,  - Y2)2 + ( z l  - z 2 )  lI(Y1Y2 + Z1Z2 - 1 )  + (Y2Z1 - Y1Z2) 1 

Using a simple d i f f e r e n c e  t o  r ep resen t  t h e  d e r i v a t i v e s ,  t h a t  i s  

a - a  da Aa - i i-1 - = - -  

a /a - 
- =  d r  ‘i ‘i-1 i-1 i 

( Y i  - Y i - 1  ai- l /ai)  - i (Z i  - z i-1 a i-1 / a i )  

A i  
- - 

9 

t hen  t h e  fo rce - f r ee  c o n d i t i o n  on t h e  r i g h t  s i d e ,  wi th  y l ,  z l ,  e t c .  
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r ep resen t ing  y1 , zl i ,  etc., becomes 

-2 

i 

+ 1 - a  Z 

Ax 

1 ai i-1 Y 1  

- 1  - 2 2 + y 1  2 2 
+ -  YIZl  

y1 + z1 y1 + 

2 2 2  a 
( Y ,  + z l )  

c. n L L 
Y2(Y2 + z2 - l ) [ ( Z l  - Z2)(Y1Y2 + z1z2 - 1)  + (YlY2)(-Ylz2 + y2z1)l + 

2 2 2 2 [(Y, - Y 2 >  + ( z l  - z2)  l[(Y1Y2 + Z 1 Z 2  - 1)  + (y2z1 - y1z2) I 

+ 1 ai - ai-l 1 Y 1  

1 y1 + 

y2 + z 

Z 
2 2  

Y1 - z 
i{-P + 2 2 2 I - ,  2 + 9  2 2 - 1  

1 (Y, + z l )  A 2  

2 
y ( y  + z2 - l ) [ (Y1 - Y 2 X Y  Y + z1z2 - 1)  - ( z l  - z2)(-y1z2 + Y2Z1)1 

[ (y ,  - Y,) 2 + ( z l  - z 2 )  2 l[(YlY2 + z1z2 - 1)  2 + (Y2Z1 - Y1Z2) 2 I 
- 2 2 ,2 1 2  

a /ai)  - i ( z  - z a /a .>  i-1 1 
l i  li-1 - i-1 i-1 a i (Yli - y1 

I 

a E 

a /a i-1 i i-1 ai - '1 - 
i ayl AG 

S i m i l a r l y  t h e  force- f ree  cond i t ion  on the  l e f t  s i d e  becomes 

2 2  
Y1(Y1 + z1 - l ) [ (Z l  - Z2)(Y1Y2 + z1z2 - 1)  + (Y, - y2)(-y1z2 + y2z1)1 + 

2 2 2 2 [(Y, - Y2) + ( z l  - z2) l[(YlY2 + z1z2 - 1) + (Y2Z1 - y1z2) 1 
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a 

Define : 

+ 1 Z 
i- 1 Y 1  l a i - a  

2 2 + y 1  2 2 + -- F 3 S - 2  2 2  a y1 z1 

(Y, + z l )  A; y1 + z1 Y l  + z1 - 1 

2 
2 Y2(Y22  + z - l ) [ ( Z l  - Z2)(Y1Y2 + Z1Z2 - 1 )  + (Y,  - y2)(-y1z2 + Y 2 Z 1 > 1  - 

2 2 2 2 
[ (y ,  - r,) + ( z l  - z2> I[(Y1Y2 + z1z2 - 1)  + (Y2Z1 - Y1Z2) 1 

i a 

a 

F4 

a /ai a y1 - y1 a /a  
i-1 i-1 i ( y l  - cosel) = o i- 1 i i  i- 1 - -  Y l i  - y1 

a 

2 2 

l l  
Y 1  - z 

+ 2 2 2  
(Y1 + z l )  

a /a  a /a 
i-1 i i- 1 i-1 i a '1 - '1 

a 

2 - 2  

i i  - + -  ( z l  - sine1) = 0 - ai l i  i-1 
a 

A; 

+ l a i - a  i-1 Y2 22 
2 - y 2  2 2 + -  y2 22 

(Y, + z2)  A 4  y2 + z  2 - 1  2 2 2  a F5 i -2 
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n n L L 
Yl(Yl + z1 - 1 ) [ ( Z l  - Z2)(Y1Y2 + Z l Z 2  - 1) + (Y, - y2)(-y1z2 + y2z1)l - 

2 2 2 2 [(Y, - Y2) + ( z l  - z 2 )  I[(YlY2 + z1z2 - 1) + (Y2Z1 - y1z2) 1 

+ y2 - 22 1 ai - ai-l 2 y2 

(Y, + z * )  

Z 
2 2  

AG F6 E -[1 + 2 221 -a  

2 2  
Yl(Yl + z1 - l M Y 1  - Y2)(Y Y + z1z2 - 1) - ( z l  - z2)(-y1z2 + Y2Z1)I + 1 2  

2 2 2 2 [(Y, - Y,) + ( z l  - z 2 )  I[(Y1Y2 + z1z2 - 1)  + (Y2Z1 - Y1Z2) 1 

a /a i-1 i ai-l'ai ai Yli - '1 i- 1 + -  a 
z - 2  

( z 2  - s ine2)  = 0 
- ai 'i 2i-1 

A; a 

For a conical flow, the derivative terms can be approximated by 

Therefore, 

1 y1 + YIZl  + + -  y1 
2 2 2  A 2 + 2 2  2 2 - 1  F3 G -2 

(Y, + z l )  Y1 1 y1 + z1 

2 2  
(Y, + 22 - l ) k l  - Z2)(Y1Y2 + Z1Z2 - 1 )  + (Y, - y2)(-y1z2 +y2z1)l - 

2 2 2 2 [(Y, - Y2) + ( z l  - z 2 )  l[(YlY2 + z1z2 - 1) + (y2z1 - y1z2) 1 y2 
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Y l Y l  ~ + 

Z 
2 2 

2 2 
1 l +  

Y 1  + z1 - 1 y1  + z1 

Y 1  - z 
F4 Z -[1 + 2 : 2 1 - x  2 2 

(Y ,  + z , )  

[ z l  - ( s i n e 1  - z l ) l / A  = 0 (J317) 

2 2 

+ 1 z2 - , y2y2 
A 2  2 2 + z ; - 1  

- -  F6 Z -[1 + 
y2 + z2 y2 

y (y2 + z2 - l ) [ ( y l  - y2)(y1y2 + z z - 1 )  - ( z l  - z2)(-y1z2 + Y2Zl)I 

[ (y ,  - y2I2  + ( z l  - z 2 >  I[(Y1Y2 + z1z2 - 1) + (Y2Z1 - Y p 2 )  1 
1 1  1 1 2  + 

2 2 2 

[ z 2  - ( s i n e 2  - z2) ] /A  = 0 (B19) 

where A = a/6. 

Define 

2 1 / 2  Norm f [F12 + F22 + F32 + F42 + F52 + F6 3 

Va r i ab le s  y l ,  y2 ,  zl, z 2 ,  y l ,  and y2 s a t i s f y i n g  t h e  requirement t h a t  

t h e  Norm be less than or  equal  t o  are regarded a s  a set of 

s o l u t i o n s .  

The l a s t  terms of Equations ( B 1 2 )  t o  (B19) a r e  the  e f f e c t  of t he  

v o r t e x  cut.  When t e s t i n g  models without t h i s  e f f e c t ,  t h e s e  terms are 

e l imina ted .  
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APPENDIX C 

J!ORM'ULATION OF TRE DERIVATIVE d Vtn/d8 

Since t h e  mean t a n g e n t i a l  v e l o c i t y  on the  body i s  

t h e n  

1 d V t m  
I- 

Ua de 

Let 

51 = Y 1  + Cl 

c2 = y2 + i z 2 .  

It follows t h a t  

--- 1 d V t m  - -2sine + i y l *  Ua d e  

4 3  



[ (y l+  i z l ) ( y l -  i z l )  - l I [ ( y l +  i z l ) ( c o s e  - i s i n e )  - (yl-  i z l ) ( c o s e  + i s i n 8 ) l  

[(y2+ i z 2 ) ( y 2 -  i z 2 )  - 11[(y2+ i z 2 ) ( c o s e  - i s i n e l  - (y2- i z 2 ) ( c o s B  + i s i n 8 1  

2 2 
( y l  + z1 - l ) (z lCoSe - y l s i n e )  

[(case - y l >  
+ 2 2  = -2sine - 2yl 2 

+ ( s i n e  - 2,)  ] 

A l i n e  represents an  a c t u a l  s e p a r a t i o n  l i n e  i f  dV,,/del < 0 
81 

on t h e  r i g h t  s i d e  and dV,,/dBI > 0 on t h e  left s i d e .  
82 
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APPENDIX D 

FORMULATION OF THE COEFFICIENTS OF AERODYNAMIC FORCES 

The l a t e ra l  f o r c e  i s ,  based on t h e  momentum theory ,  

From Reference 10, t h e  l o c a l  f o r c e  can be c a l c u l a t e d  a s  

Fi = -2i  4 - d Z + 2 1 4  W '  u y - d Z -  W' 2 i s o u t ( a  - i s )  + 

i n  cB 
out  cB 1/2 pu2 

where CB i s  t h e  contour of t he  out-flow plane,  with a r e a  Sout, 
ou t  

and CB is  t h e  contour of t h e  in-flow plane,  wi th  area Sin. 
i n  

Note t h a t  

2 
a 

W . 2  i - - ) + - ( z  i i --1 i r2 2 
a 
- 2i - z2  

U 1 l i  z1 
4 - dZ = -27ra.a - - ( Z  

i i 

2na 2 r a 

2na U a  (5zi 
1 2i - -> 1 - --) + 

i i 
52 i 

2 
i 27ra U a  i 

= -2ma a - 

To o b t a i n  t h e  c o e f f i c i e n t s  of aerodynamic f o r c e s ,  l a te ra l  f o r c e  

is nondimensionalized by t h e  base a rea .  That i s ,  

For cases i n  t h i s  r e p o r t ,  no s i d e s l i p  e f f e c t  i s  assumed. Therefore  
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- - ) I}  1 - 
2na2 a [ l  + y1 ( r l  - - Y2 ( c 2  - 1 

i-1 i-1 i-1 5 ,  i-1 i-1 5 ,  
-- 

L 
i-1 i-1 

- -) 1 - y2 ( c 2  -->I 1 - - i a  2 
= - {4ai[y1 

2 i i  
B a 

- 
i i C2 

51i i 

L e t  

- 
cl  - y1 + z and 5 = y2 + z2 

i i l i  2i i i 

Then 

+ i z 2  
y2 i-1 i-51 + 

+ i z  
li-1 

2 

y2 i-1 2i-1 
+ i z 2  i-1 I -  + z  2 2 i-1 i-1 

-I - Y2 ((Y2 Y 1  i-1 

i-1 + 

i-1 Y 1  
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1 1 -  2 ( 1 -  2 

i -1 + Y1 i-1 

> I )  + 
1 

2 z2 (1 - 
y2i-l i-1 Y., + 2.3 

“i-1 “i-1 

i + {2a 2 [ y  y (1 - 1 2 - y2iy2i(l  - 2 l 2 ) 1 -  
a B l i  l i  Y l i  + z l i  y2i+ z2i 

1 -- 
+ z1 

2 
2 

[ Y  ( 1 -  2 2ai-1 li-lyli-l 
i-1 Y l  i-1 

2 11 + ai 
1 

Y 2  (1 - 2 2 y2i-l i-1 + z  
y2i-l 2i-1 

It follows that 

1 1 M Y 1  z1 (1 - 2)  + 

c = -  
+ z  

yli l i  
i i  

2 Y i  aB 

n L 

) 
i-1 1 a - 

2 (1 - 2 2 y l  2 + z  i-1 i-1 ai 
yli-l li-1 

2 
i-1 1 1) 

a - 
2 (1 - 

+ z  2y2 z 2  2 i-1 i-1 ai 
y2i-l 2i-1 

- 

- a2 I i-1 

2 2ua, 1 

--- 
= (2y y (1 l 2 ) -  y2 + z 2 l i  li ‘Ni a 

1, 1, B 
I I 

2 
i-1 1 

+ z  

- 
2 (1 - 

a 

2Y Y l  2 li-1 i-1 ai 
i -1 li-1 

Y1 

(D5 

2 Y 2  z 2  (1 - 2 > +  
+ z  

y2i 2i 
i i  

1 
2 )  - 2y 2i 2i ( l  - -2 + 

y2i 2i 

+ 
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2 

1 1 a i -1  
2 - ( 1 -  2 2y2 y2 2 + z  i-1 i-1 ai  

y 2 i - l  2i-1 

and 

c = I C  
Y i Y i  

= I C  'N Ni 

2 
i-1 a 

+ 1 - - +  

For con ica l  flow (such as on a cone) ,  a l l  flow p r o p e r t i e s  

changing with respect t o  x are cons tan t .  Therefore ,  

CL = C cosa  N 

. 
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Table 1 :  E f f e c t i v e  Angles of Attack f o r  Three Bodies 

a = Geometric Angle of Attack 

ae = E f f e c t i v e  Angle of Attack 

f . r .  = Fineness  r a t i o  

8 Deg. cone Tangent Ogive Tangent Ogive 
of f . r .  = 3.5 of f . r .  = 5.0 

a ae OLe ae 

5.0 

10.0 

12.0 

14.0 

16.0 

18.0 

20.0 

22.0 

24.0 

26.0 

28.0 

30.0 

35.0 

40.0 

--- 
8.93 

10.69 

12.44 

14.17 

15.89 

17.58 

19.25 

20.89 

22.51 

24.09 

25.64 

4.56 

9.09 

10.88 

12.66 

14.42 

16.16 

17.88 

19.57 

21.24 

22.88 

24.48 

26.05 

29.78 

33.16  

4.74 

9.43 

11.29 

13.12 

14.95 

16.75 

18.53 

20.27 

21.99 

23.66 

25.31 

26.90 

30.65 
--- 

not ca 1 cu l a  t ed --- 
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All Models in This Figure Are With:Cu~Tenns in Fora  Free Condition 

- 

2.0 t 
S I  c / 

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 

d (Angle of Attack) 

Rg.6 Lift Codflcient of Q 8 Deg. Cone as Q Function of Angle 
of Attack(Symmetric Case) 
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All Models i n This Figure Are Without 'Cui' Terms in Force Free Condltion 

0- Experimental Data (Rd. 16) 
Result from Stagnation Sopamtion Model 
Reeutt from Model 1 

- Rebutt from Model 2 
-.-.- Result from Model 3 

Result from Model 4 
Resutt from Model 5 

- - - - - .  
- I  

----- 
------- 

/ '  
/ #  ' /  

Q 

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 

o( (Angle of Attack) 
ng.7 Uft Coefflclent of u 8 Deg. Cone a8 a Function of Angle 

of Attack(Symmetdc Case) 
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Result from Model 3 Wlthout 'Cut" Terms in Force Free Condition 

B 

x o c  

A = 2.500 
6 = 46.61 

A = 2.000 
6, = 51.12 

0 

x m  

A = 2.750 
e, = 44.66 

0 

A = 2.250 
e, = 48.74 

Fig.8 Symmetric and Asymmetric Vortex Core Positions 
of o 8 Dog. Cone 08 o Function of Incidence 
Porameter A (0, +e,= 180 ) 

63 



Re9ult from Model 3 Without'Cut'Terms In Force Free Condition 

X Q X  
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e, = 39.55 

x ox 
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0, = 42.85 

Rg.8 Conduded 

X % 
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x Ox 

A = 3.250 e, = 41.15 
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0- Exp'mental Data (Rd. 16) 
Symmetric Result From Model 3 Without 'Cut' Terms - -  - Asymmetric Result From Model 3 Without 'CutTenns 
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Q 

2.5 
B a d  on GeometdC Angb of mdc 
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0' 

0.5 

/ 
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Q- Experimental Data (Ref. 16) 
Symmetric Result From Modd 3 Without "Cut" Terms 

- - - - - .  Asymmetn'c Reautt From Model 3 Wfthout "Cut" Terms 

2 0  

Bawd on EffectivS Angle of Attack 
- 
- 
- 

?5 e 

# 
0 

0 

d (Angle of Attock) 
Fig.10 Lift Cwfficlent and side Force Coefficient Calculated ut 

Effective Angle of Attack of o 8 Dog. C m  08 a Function 
of Angle of Attack 
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All Models in These Figures Are Without 'Cut'Tems in 
Force Free Condition 

2.0 
Result from Stagnation Separation Model 

/ Right 

1 .o 2.0 3.0 4.0 

2.0 
Result from Model 3 

n Q E 
F 
E 

5 

x 1.0 
v 

- 
Right 

- 

1 .o 2.0 3.0 4.0 

A (Incidence Parameter) 
Fig.11 Vortex Strength Ratio for Different Models of a 

8 Deg. Cone as a Function of Incidence 
Parameter A 
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Result from Model 3 Without 'Cut Terms in Force Free Condition 
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A = 2.500 
0, = 46.61 

A = 2.750 
8, = 44.66 

n 
0 

A = 2.000 
0, = 51.12 

A - 2.250 
e, = 40.74 

F9.12 Low Branch Symmetric and Asymmetric Vortex Core 
Posltlons of a 8 Deg. Cone as a Function of 
Incidence Parameter A (0, +ea - 180 ) 
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. 

Result from Model 3 Wthout’Co~Terms in Force Free Condition 

rn rn 

A = 3.500 
e, = 39.55 
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A - 3.000 
e, = 42.85 
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e, = 38.04 
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e, = 41.15 
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Model 3 WRh0ut"Cut"Tm In Force Frw Codtion 
Up Bmneh Rewtt - -  -Low Bmnch Reeutt 

2.0 - 
Reauk from AeyrnrrWMc Cane (Rlght Vortex) 
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t I I 

I I I L 

0.0 ' I I I I I 
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A (Inddence Parameter) 
4.0 

ng.13 Vortex !bngth Rdo for Both 'hncha of o 8 Dog. 
Cone a~ o Function of Incldenca Parornetor A 
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6 
Q- 
- - - - -  -Result from Madel 3 for 25 Station8 (Symmetrk 

Experimental Dota (Re 10.8 * l o  ,M=0.70. Ref.18) 

Case) 
Result from Model 3 for 25 Statlona (Asymmetric Cam) 

6.0 I 1 

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 
@ (Angk of Attack) 

Flg.14 Noma1 Force Coefficient of Q Tangent Ogive (Flneneas Ratio = 5.) 
as o Function of Angle of Attock 
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6 e- Experimental Data (& ~ 0 . 8  * lo  J~0.70, Ref.18) - - - - -  - Result from Model 3 for 50 Stations (Symmetric Case) 
Result fmm Model 3 for 50 Statlona (Asymmetric Case) 

- - 0 

1.0 - - - - 
0.0 I 1 1 1 1  ' 1 1 1  

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 

d (hgb of Attack) 
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6 
Q- -&I (Re -0.8 10 ,M=0.70, Rd.18) 

Rwult from Model 3 for 50 Statlon8 
- - - - -  -Result from Model 3 for 25 Stottoncr 
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- - - - -  - Result  fnrm W 3, For 25 SWOM (WC k~)  --- Result from Yodd 3, For 25 Stufjona (hymmabk Cam) 
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6 
0- 
- - - - -  -Result from Mods1 3 for 25 Station8 (Symmetric Case) 

Result from Model 3 for 25 Station8 (Asymmetric Case) 

Expen’mtntal Dab (Re ~ 0 . 8  +10 ,M=0.70, Ref.18) 

6.0 

5.0 

- - - Based on Effectlw Angle of Attack - - - - - 
- - 

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 

o( (Angle of Attack) 

Flg.17 Normal Force Coefficient Calculated at Effective Angle of 
Attack of a Tangent Ogive (Finenem Ratio = 5.) as a 
Fundlon of Angle of Attack 
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6 e- Expen'mental Data (Re 4 . 8  +10 ,M~0.70, Rd.18) 
- - - e -  -Result from Modd 3 for 50 Stuuon8 (Symmetric &eo) 

Retault from Model 3 for 50 Stauona (Asymmetric Cam) 

6.0 

5 . 0 ~  B o d  on Effective Angle of Attack 

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 

(Angle of Attack) 

ng.17 condudad 
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6 
0- Experimental Data (& =0.8 10 ,M=0.70, Ref.18) 

Result from Model 3 for 50 Stotlons 
- - - - -  -Result from Model 3 for 25 Stations 

- - - B a d  on Effective Angle of Attack 

1 -0.5 

F'ig.18 Side Force Coefficient Calculated at Effective Angle of 
Attack of a Tangent Ogive (Finenem Rotlo = 5.) as a 
Fundion of Angle of Attack (hymmetric Caw) 
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Ref. 1 6) 0- 
b- Expen'mantol Doto (Re =OB0 *10 M=0.80, Ref.19) 
- - - - -  -Result from Model 3 for 35 Stations (Symmetric Case) 

Rmult from Model 3 for 35 Stations (kyrnmetic Cow) 

6 
Exptn'mentol Data (Re ~ 0 . 3 5  *lo6 

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 45.0 

o( (Angle of Attack) 

Flg.19 Norm01 Force Coeffiiknt of a Tangent Ogive (Flnenus Rotio 3.5) 
as a Function of Angle of Attack 
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0- Exp'mental Data (b =0.35 40: Ref.16) 
b- Experimental Dato (& -0.80 *lO,M=O.& Ref.19) 
- - - - -  -Result from Model 3 for 50 Stations (Symmetric Cose) 

Result from Model 3 for 50 Stotlons (hymmetric Case) 

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 45.0 

K (Angle of Attack) 

FIg.19 Concluded 
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Ref. 1 6) Experimental Data (Re -0.35 10,. 
Experimental Data (Re =OB0 10,M=0.6, Ref.19) 
Result from Model 3 for 50 Stations 

-Result from Model 3 for 35 Stations 
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Q- 
b- 
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8 
0 

1 -0.5 

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 45.0 

o( (Angle of Attack) 

FTg.20 Side Force Coefficient of o Tangent Ogive (Rneness Ratio = 3.5) 
os o Function of Angle of Attack (Asymmetric Case) 
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Q- Experimental Data (Re -0.35 *lo6 Ref. 1 6) 
b- Experimental Data (Re -0.80 *lO;M=Od, Ref.19) 
- - - - -  -Result from Model 3 for 35 Stations (Symmetric Corn) 

Rtsult from Model 3 for 35 Stations (Asymmetric Case) 

E B a d  on Effective Angle of Attack 

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 45.0 

o( (Angle of Attack) 

FIg.21 Normal Force Cafflclent Calculated ot Effective Angle of 
Attack of a Tangent O g h  (Finenem Ratio - 3.5) as a 
Function of Angle of Attack 

81 



Ref. 1 6) 
b- Experlmsntol Data (Re =OB0 *lO,M=OB, Rd.lg) 
- - - - -  -Result from Model 3 for 50 Stations (Symmetdc Cose) 

R-ult from Model 3 for 50 Stations (Asymmttrlc Case) 

6 
Expsn’mentol Data (Re ~ 0 . 3 5  *lo6 Q- 

6.0 1 
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